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ABSTRACT

This paper discussed the mean-variance portfolio selection problem with multiscale stochastic volatility. We considered
two type of volatility, including a fast —moving one and a slowly-moving one by using the stochastic dynamic programming
principle and Hamilton-Jacobi-Bellman equation approach, the optimal investment strategy, the value function and the
efficient frontier are derived in closed form.

Keywords: Mean-variance portfolio selection; Multiscale Stochastic Volatility; Efficient frontier;
stochastic control, Probability.

RESUMEN

En este articulo se discute el problema de seleccion de cartera de media-varianza con volatilidad estocdstica multiescala.
Se considera dos tipos de volatilidad, incluida una de movimiento ripido y otra de movimiento lento. Mediante el uso del
principio de programacion dindmica estocdstica y el enfoque de la ecuacion de Hamilton-Jacobi-Bellman, la estrategia de
inversion dptima, la funcion de valor y la frontera eficiente se derivan en forma cerrada.
Palabras Claves: Seleccion de cartera de media-varianza; volatilidad estocdstica multiescala;
Frontera eficiente; Control estocdstico, Probabilidad.

INTRODUCTION

The presence of volatility factors is well documented in the literature using underlying returns data
(see [1,2,3,4,5,6,7,8], for instance). While some single-factor diffusion stochastic volatility models such
as [9] enjoy wide success, numerous empirical studies of real data have shown that the two-factor stochastic
volatility models can produce the observed kurtosis, fat-tailed return distributions and long memory effect. For
example, [1] used ranged-based estimation to indicate the existence of two volatility factors including one highly
persistent factor and one quickly mean-reverting factor. [3] used the efficient method of moments (EMM) to ca-
librate multiple stochastic volatility factors and jump components. They showed 2 that two factors are necessary
for log-linear models. [10] disscuesd a continuous —time Mean Variance portfolio selection problem with Vasicek
stochastic interest rates.
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Stochastic volatility models relax the constant volatility assumption of the Black-Scholes model by allowing vola-
tility to follow a random process. In this context, the market is incomplete because the volatility is not traded and
the volatility risk cannot be fully hedged using the basic instruments (stocks and bonds). To preclude arbitrage, the
market selects a unique risk neutral derivative pricing measure, from a family of possible measures. As a result, in
contrast to the Black-Scholes model, the stochastic volatility models are able to capture some of the well-known
features of the implied volatility surface, such as the volatility smile and skew.In this paper we will consider a mean
—variance portfolio selection with Multiscale stochastic volatility model.

MODEL FORMULATION

Given a filtered probability space (Q,Pf,{f_t }_(t>0)=c{W(s);0<s<t}) be augmented by all the P-null sets in f,
where f = ft. Let W(t) be a one dimensional standard Brownian motion define on (Q,P,f) our t = 0 The investor joins
a market at time 0 with initial wealth x> 0 and plans to invest dynamically over a fixed time horizon T.

The financial market consists of one risk-free asset and one risky asset. The price of the risk-free asset is governed
by the following differential equation

dB(t) = B(t)r(t)dt, B(0)=b>0
b, is the initial price of the risk-free assets, d represents the differential operators and short rate r(t) satisfies the
differential equation

dr(t) = (a(t) + by(t))dt + bdw(t), r(0)=r

.

The risk premium y(t) is deterministic and continuous function, w(t) is the standard Brownian motion and a(t) =
0(t) - ar(t) is a stochastic process related to r(t) were a > 0,and 0 is a deterministic and continuously differentiable
function [11].

The other asset is a (zero) bond whose price process is modeled as
ds(®) = 5@ [(r@® + pOrE©,20) ) de + By (©,2(0) dW° )],
-1 1 1
dy(t) = S(b(y(t)dt+ ﬁa(y(t))dw ),

dz(t) = 5c(z(®))dt + V5§ g(z())dW?(t),
$5(0) =55 =0,y(0) = yq,2(0) =z,
were two timescale factors is applied in our stochastic volatility, which means we use o(yt z ) instead of o(t). s,
y, and z are respectively the initial price and initial volatilities of the risky asset. u(y(t),z(t))and B(y(t),z(t)) are
respectively the appreciation rate and volatility rate of the risky assets price. As described in the research work by
[12], the dynamics of y(t) and z(t) respectively shows the fast and slow variation of volatility with very small values
of parameters & and 9. Besides, we assume that the process y(t) = y'(1/8) in distribution where y'(t) is an ergodic
diffusion process with unique invariant distribution ¢, independent of & . As described in [13], we denote [].[] as
the invariant expectation with respect to ¢

(9= [ g (dy).

‘I'he standard Brownian motion, w? (t), w' (t) and w? (t) are correlated with

Cov (w’ (t)w' (t)) = pl, Cov(w” ,w? (1)) = p[d,, Cov (W' (t)w? (t))=p, where -1<p<I ,-1<p<I,
-1<p, <1 and 1+ 2p, p,p,,- p;- p3- p,5> 0, to ensure positive definiteness of the covariance matrix of the three
Brownian motions. (15)

Here the appreciation rate is (r(t) + y(t) ) o(t) =p which results from the fact that the risk premium () is
defined as

u) —r()
o(t)

~1
[N}
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Let n(t) denote the amount invested in the (zero) bond at time t, (t€[0,17]), and n(t) the wealth at time t corres-
ponding to investment strategy 1t. Then the wealth process satisfies the following stochastic differential equation:

dX™ = n(®) ((r(t) +pOa ((©),2(O)dt + B, 2()dw () ] + (X™(®)
— n()r(t) dt

=[Oy D a(y©),z(®)) + X" (Or®)]dt + (OB (y(), z())dw(t) (1)

with initial condition X(0)= x,

The fallowino Mean-variance nartfolio selection problem will be discussed in this paper

{ min  E[X™(T) - w]?,
P(w) = {m()ell(0,x0)
s.e EX™(T)) =w

where w is a premium return level and 71(0, x,) denotes the set of all admissible controls defined as in [14]

By convex optimization theory, problem P(w) can be solved via the following optimal stochastic control problem
with a T .aoranoe multinlier 2A

PL1(A,w) min {E[X™(T) —w]? = 2A[EX™(T) - w)]}
() ell(0,%)

The relationship between the optimal solutions of these two problems is concluded in the following lemma (see

[14]).

Lemma 1 Denote by T'(A) and (At x(t), y(t), z(t), t€[0,T]), respectively, the optimal value and the optimal stra-

tegv of problem 1(A, w) . Then the optimal value and the optimal strategy of problem P(w) are
SupT'(1) and {74, t,x(t), y(t),z(t),te[0,T])}

A€R
A =argSupl'(1)
respectively, where —

The objective function of problem PL1( A,w) can be rewritten as E[X™ (T) - (A + w)]?- A* the solution of problem
PL1(,w) is equivalent to that of the problem
PL2(Aw) min E[X™(T) - w]?
() ell(0,%,)

For problem PL2 we define the value function.
V(tx,y,zr)= min )E[(X"(T) — A+ w)?1X(@) = x,2(t) = z,y(t) = y]
n()ell(tx,yz

Usine Hamilton-Tacobi-Bellman’s Optimalitv principle
V(t,x,y,r) = min )E[V(t +h), X™(t+ h),r(t +h)]Vh >0
X,

m()e(t

Naofine an Anoratar
A™(t,x,y,2,1)
b(y)
= Vot ¥ ey @u0.2) +X@r@0] + ==V, + 5C@Y,
1 1 1
+ SV FA,2) + V) + 3956V,

%
e (YJ’? BB 4 0BG, 9P, a7,

1) b
+ \/;ﬂ(y)g(z)Pl,ZVyz + ﬁ a(y(t))vyr + b\/gg(z (t))Vzr

+ b (OB, 2V + =V, B + V() + B(E)).

~J
|98}
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Using the Ito formular the following equation is obtained.
V(t+hX™(t+ h),z(t + h),y(t + h), (¢t + b))
=V(tx,y, zh)

t+h
+f A”(S)V(S,X(S)y(s),z(s) r(s))ds
t

t+h
+f bV, + Ve (s)B (v (s),z(s))dw(s) (eg3)
t

According to presented by [11], if E_| ([P (BVy + Vi 1t ($)B (y(s), 2(s)) )* ds] <+eo, then (J*7 (bV, + Vy 7t (s)
B (y(s), z(s))dw(s) ) is a martigale.therefore when Et,x U(b\/ﬁ\/ 7 (s) Bly(s)z(s)) ] < + oo substituting (3) into (2)
yvields the H]B equation of V(t,x,),z,r) as follows.

b(y)

1 0
V, 4+ Vxr + TV +8C(DV, + — £ 4 2V + 5925‘/zz+ \/;a(y)g(Z)pleyz

f

+ b a(y(®))Vy, +bVeg(2)V,, + % b2V, + (a(t) + by (t))V,

3

1 ,Z)a
+min{—n2ﬁ2(y,z)l/;cx+n‘8(y z)a(y)p,
(t) (2

JE
+ b (DB, 2)V,., + n(t)lp(t)ﬁ(y,z)Vx} =0 (4

Vey + (OB, 2)9(D)p V6V,

With the boundary condition (Vx,z,7r) = (xyz - (A + w))>.

We derive the following theory in order to know the contribution of the HJB equation (4) to derive the optimal
strategy and the value function.

Theorem 1 suppose that v(x,z,r) €C'*? ([0, T]X 0 )where 0ER? satisfies (i)v (t,x,z r) solves (4) with boundary
condition;

(ii) for any admissible control 7i(.) and its corresponding wealth process,
2

t+h
E, , [(ft bV, + V,m(s)B(y(s),z(s)) ) ds| < +o0,Vte[0,],h >0

iii) For all sequences of stopping times (t,,:0 <7< T),€N and any admissible strategy n(.) €] (0,x_0 ), the sequen-
ce {(v(t, X (13 ) In€N is uniformly integrable.

Then we have

a) v(tx,yz.r) < V(txyzr);

b) if there exists an admissible strategy 7 (t)€ argmin A” v(t, X" (t),r), then v(tx,yz,r) = V(t,x,)z,7).

We are going to work to deduce the optimal strategy and the value function of problem PL2(A,w).
OPTIMAL SOLUTION

Assume that v is a solution of H]JB (4) when Vxx > 0,Vzz,Vyy > 0 the optimal strategy of problem PL2(Aw) is

. (a(y)Pley+g(z)p2\/3'VxZ+erx+1,b(t)Vx)2 (5)
B (Y, 2)Vax

T =

Inserting equation (5) back to equation (4) yieds
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V, + Vexr + b(fy) +8C(2)V, + Z—é,a2 IV + %gz(z)dez +?6a(y)g(z)Plz Vyz
b 1
+—=a(y(O)yr + bVEg (2(D)Vzy + 55V +V(a(®) + b (1)) 6)

V&

a(y)P, >2
. <_\/? Viy + 9(@PVEV,, + bV, + 9 (DV, B

2 B(y, Z)V;cx

With terminal condition v(Tx,yz,r) = (xyz - (A +w))>.
We can verify that v has the form v(t,x, y,z,r) = P(t,r)x?y?2% - 2(1 + w)Q(t, r)xyz + (1 + w)?R(t,7)

With P(t,r) > 0,P(T;r) = 1,Q(T,r) = 1,R(T;r) = 1.substituting the above expression into equation (6) we obtain the
following partial differential equation for P(t,r), Q(t,r) and R(t,r) respectively:

B+ 2rpP +ﬂ + 6C(2)P +ia2(y)P += L g26P +\Ea(y)g(z)P12P +—

: 2% a(y(®)pP

7

VB2 O)P + %bz P+ (@4 BB~ [a()PP(t,7) + g(z)P,VEP(t, 1) + DP. +1/J(t)P] 0

P
P(t,r) >0,P(T,r)=1

(7)

1704292 L @0+ L2000+ 20260 + 120019010 +-= aly®)
Qu+rQ+1 20+ 526 () +55°00 angzcan fay o

(v +b8+ g VEP +2ABE) (4000 + b0, + 9 (0.5 + 21A2)
P

(8)

=0

+bV5g(2(D) Q, + %bzon +(@+by(©)Q, —
Q(t,r)=0,Q(T,r)=1

(y)

a(y(®) + Ta(y(t))Qr +bV6g(z(O)R, + (@ + b ()R,
(a()PQ + g(2VEQ + bQ, + 1 (1)Q)
P
R(T,r)=1

X o)
2
+ Eb R, —

=0

Let P(t,r)and Q(t,7) be of the form
P(t,r) = eAWr+B1O) (10)

0(t,r) = £5O+00 (1)

With terminal conditions

A =B(N)=C(N =DM =0 12)

Deducing the expression of A(t), B(t), C(t) and D(t) from the above equation inserting (10) into (7) gives
(U ()~ @A) + D)+ 5'(0) — 3 024% + (0 + bVBg(z(0)) + by (1)) 4 - (%)Pl) (g@P,E)" —y? =0
Substituting (11) into (8) results in

2
[c®)—alt) + 11r(t) + 2D"+ 26C(2) + aT(y) + g%(2)5 + Z\Eg(z)a(y)PlZ

+20(t)C(0) + 2bV5g(2()) C(t) + 2bg (2)P,VEC () + b* C*(t)

a(y) (62)
—2b2C()A(t) — 2bg (H)VEP,A(t) — 26222 p () — [2bA(0) + Yl +2(g(2)VER,)? + 2(—P )
2 \/E 1 2 \/? 1

~1

J1
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Bringing this two equations together with terminal condition (12) results in

A®) =2(1 - e*T-9) = 2¢(8)
B(t) = f“ﬁbz;\z + (8(s) — bV3g(z(s) + bi(s)))A — (%Pl)2 — (g@P,V3)" — ¢s(s)] (14)

2D(t) = ftT 20(t)C(s) + 2bVEg(z())C(t) + 2bg (2)P,VEC(t) + b2C2(t) — 2b2C(DA(L) —

2bg(z)VEP,A(s) — 2b %PlA(t) —[2b - A(t) + Y]y — z(g(z)\/EPZ)2 -2 (“T‘?Pl) (15)

2
2D(6) - B(t) = — [T (@(s) + bC(s))? ds + g(IVEP, + (%pl) (16)

By using the expressions of P(t,r) and Q(t,r) equation 9 becomes

2
R,(t,7) +% a(y) + bVsg(2) + (a+ bp(O)R,(6,1) + %bZRW(t,r) (w(t) +bC(®) + %pl + g(z)\/gP2> e20(-B(O = o (17)

So the solution of the above equation can be of the
L9 ’
R(t) = £2P®O-B® _ It <w(5)+bd5) N (ng> as (18)

The candidate for the optimal strategy has the form

a(y)
A+ w) <1[)(t) +bC(t) + =P, + g(z)\/§> (1,[)(t) + A + £ pp +g(z)x/§)
\/E ' e~ CO+D(®) _ \/? ! (19)

5 ) 0,

a(y)

T =

And the respective candidate for the value function is of the form

2
-1 (w(s)+bC(s)+a(y)+g(z)\/3) ds (20)
V(t,x,y,2,1) = eAOTBOx2,2,2 23 4 w)e CO™PWOx ()y(D)z(t) + (1 +w)2e NI

With the expression of A(t),B(t),C(t)and D(t) as 13-15

See the properties of ni(t,x) in [10 ]

OPTIMAL SOLUTIONS AND EFFICIENT FRONTIER OF PROBLEM P(w)
According to the relationship between PL1(Aw) and PL2(Aw), if we define I'(A) as the optimal objective function
of PL1(Aw), then

T'(A) = P(0,rp)xy —2wQ(0,ry)x, +w2R(0) + A%(R(0) — 1) + 2A(WR(0) — Q(0, 1))

a) ’
o [(w©+bc+22+9(V3) as <1 then 1 = arg (I}lé}zxr(l)) exists and is
€.

Noting thatr(0) =
wR(0) — Q(0,7y)x,

A= 1 —R(0)

According to the relationship between P(w) and PL1(Aw), the optimal strategy and efficient frontier of problem
P(w) are concluded in theorem 5 below.

Theorem 5 for problem P(w), the optimal strategy is

a(y) a(y)
bC() + Y (t) + =Z£P, +g(z)\/—> <bA(t) +(t) + —=PP, +g(z)x/§>
n(t, x(b), y(t),z(t)) _ w— Q(0,79)xq, Yo Zo< \/g ! . \/E ' x(t)
1—R(0) 5 a(t)

76
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And the efficient frontier is

_ RO Q0,7 e a(y) ’
Var(X(T)) EETO) [Ex(T)] “RO) xo Where R(0) = e Ji <¢(s)+bC(s)+ 7 +g(z)\/3’> ds
CONCLUSION

In this work, we carried out the continuous —time variance by using the Multiscale Stochastic volatility model.
The assumption of multiscale stochastic volatility is more realistic but results in difficulties for handling the pro-
blem. Our wealth process corresponding to a candidate for the optimal strategy does not follow a homogeneous
differential equation any more, which leads to more difficulties in deriving the analytic solution of the wealth
process. But we have solved the problem successfully by constructing an auxiliary variable and deriving its analytic
expression. On the other hand, for future works, results obtained in this paper can be applied or extended in Neu-
trosophic theory by applying Neutrosophic random variables (see [15,16,17]).
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